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Alstroct

e
TThe Anderson~-Carling, Cranmer-von wwises, and the

Xol:nogorov=-S.airnov statistics are used to develo! a new test
of fit for tne turee-caraneter -Janme distribution witn
unknown shape oiac location paraswmeters. The critical values

gonerated ~ero obtaineu by a imonte Carls jsreccadure. For
’;‘a:) b '

eacn value ot n (saupnle size), 52#% sanplersots were drawn

frow a g&é..u@ cpulation wiose shape is specified. 7The

“

location anu scale parouncters are estiazted from the data,

and tiz turec statistics are calculated Dased on the esti-
nated distribution. 7The sinmulation was preformed for sample

‘ /o ?1 ), 3
vizes n = %, ¥, 15,..36- and shape parameters, X = .5, Y,

-

L

1.5...4.“.

Using gamma distributions for snane egual to 1.5 and
L, -
7, the power of each test is investigated against ten
alternative distributions for sawmple sizes n = 5, 1%, and
5 .
.38. In general both the Anderson-Darling and the Craner-von

mises tests are more powerful than the %Xolnogorov-Smirnov

&

test., Except for the case wuere the alternative distrilu-
tion is leynorial, thne Cramer-vorn iises test is the most
rowerful test.

“he functioral relaticnsihip between tne critical values
of the Anderson-Larliny, Cra.er-von imises, and Xoluogorov-
Smirnov is also examined. A critical value for a shape

4 ¢
pparameter vetween 1.5 and #57 which is not included in the

tablues can tuen Hoe cesily derived fror this functionol

relationship. L o -

xi
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'u‘ A MUDIFIED KOLMmUGOROV=SMIKNOV, CRAMER-
VO MISES ANL ANDERSON-DARLING TEST
N FOk Tik CAMMA DISTRIGUTION WITH

. UNKNOWN LOCATION AnD SCALL

I. Introduction

Currently the U.S. Air Force is placing more and more
emphasis on system availability, wmaintainability, and reli-
ability, botn in research and development and in day to day
operations. Of particular importance to the Air Force is
the ability to psredict time-to-failure of equipment,
Htudies in probability and statistics have increased under-

- standing of soue key probability distributions used in pre-

w dicting timne-to-failure. Among the most commonly used
continuous distributions in this arca are the beta, gamma,
exponential, “eibull, and lognormal distributions,

Often in these studies, analysts are confronted with

the problcecm of testing agreement between probability theory
2; and actual obscervations, In other words, given n observa-
ES tions of scwme variable, say time-to-failure, the problem is
ﬁ: to ftind out it it can be regarded as a random variable
i: havinj; a given probability distribution. The general
EE aj.proach to tihe solution of this problew is Known as the
;' goodneuss-ol=-ftit test, In more precise terws let KyrXgeesX
g‘ be a randow sawmple, Then a statement of the joodness-of-fit
.,‘. -= test is:
E! 1
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>
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“0: F(x) = l-‘H'(x)
:‘ Hps F(x) # Fy(x)
-_‘:' where t(x) is the actual distribution function of x and

n I, (x) is the hypothesized distribution function.
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"wo conmonly used goodness-of-fit tests are the Chi-
s.uare test and the Kolmoyorov-Smirnov test. The Chi-square
test cowmparces observed freguencies with expected frequencies
oL tne Lyoothesized distribution., It is restricted to large
Samp les==upproximately 2% or agreater (2:73). The Kolnogorov-
GSuwirnov (K=3) test compares cumulative frequencies between
the actual sawple using o step fuaction, against correspond-
in: values using toe hypothesized cuwulative distribution
tunction. “he K=5 test can be used lor large or small
sariplus; however, it is restricted to distributions which
are tully specified. Hs wW. Lilliefors developed a goodness-
ot=-1it test lor the normal (19), and exponential distribu-
tivn (23), which can bhe used for swall samples where the
vorameters wust be estimated from the sauple data. When
parenetoers are estimated frow sanple data, the test is said
to ¢ a modified test.

tollowing Lilliefors' technigyue, several other modified
tests have been documented. R, Cortes developed a wmodified
oulo,orov=Gidirnov test for the three-jparamcter weibull and
Jatiawa distributions (5). J. Bush expanded the yoodness-of-
tit tesct tor tune Weibull to include the woditied Cramer-von
mlsen (;Z) and apderson=-larling (Az) tests (3(1). ‘i'‘he modi-=-
Lier, oluogurov= Smirnov, Craamer=-von Hlses, and Anderson-
arling tests have also been done for the uniforuw, norwmal,
Lagdace, ok, onential and Caucny distributions (11)., In 1973

mann, scucuer, and Fertig ddesigned tvwo new test statistics
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called the L and & statistics. The L and S test statistics
were used to develop a goodness-of-fit test for the two
rarameter weibull with unknown parameters (22).

In 1221 Xoutrouvelis and Kellermeier introduced a
goodness-of-fit test based on the cuapirical chacteristic
function when the parameters must be estimated (17). This
test statistic could be used as an alternative to the EDF
statistic if the chagacteristic function is more easily
delermined than the distribution function.

beoipirical pistribution kunction -Statistics

A general class of statistics used for the goodness-of-
fit tests is called empirical distribution function (LDF)
statistics. listorically EDF statistics have been used in
cases where the parameters are either known or unknown, 1In
most instances EDF statistics are easily calculated and are
competitive in terms of power. This class of statistics is
based on a couparison between the cuwnulative distribution
function, F(x), and the empirical cumulative distribution
function Sn(x) defined as

no., of x; < x

SL(x) = ¢
n n (1)

The test procedure is summarized as follows: given a sample
irom sowe population, the EDIF tests reject lig:F(x) = I, (x)
when the difference between F“(x) and Sn(x) is large, liere
I, (x) is the hypothesized distribution. In 4eneral, EDF
tests are valid when the distribution is fully specified.

wowever, Lavid and Johnson showed that the duistrioution ot
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an tbF statistic depends only on the functional form of the
distribution and not on the unknown parameters when the
estinated parameters are location and scale (6)., It is this
principle that permits us to generate valid critical value
tables for the gamwa distribution which depend only on the
shape parameter and sainple size,

It is important to note that this thesis uses a modi-
fied form of the EDF statistic, because the cumulative
distrivution is not Euily specified. An estimated distribu-
tion function is used whose parameters are derived from the
observed sauple,

The Rolwmoyorov=Smirnov Statistic

The Kolmoyorov=Smirnov (K-8) statistic is defined as
the absolute value of the differenée between F(x) and Sn(x)
or,

D=1 F(x) - s (x)]. (2)
In using the K-5 statistic for the goodness-of-fit test, we
are intcrested in the greatest absolute difference between
I'(x) and &t (x) (2). Therefore the test statistic is

T = syplF(x)-5S,(x) 1. (3)

The Anderson-Darling Statistic

It is known that goodness-of-fit tests which use actual
observations without grouping are sensitive to discrepancies
at thue tails of the distribution rather than near the median
(?6:2). ‘I'he Anderson-Darling test statistic overcomes this
problem by accentuating the values of Sp(x) = F(x) where the

test statistic is desired to have sensitivity. More
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specifically, the Anderson-Darling statistic is based on a
weighted average of the squared discrepancy, (i.e. [5,(X) -
F(x)]2 weighted by W(F(x)) or

A2 = o f I8, (0-F (012 ¥(F(AF(x),  (4)
where -

¥ (F(x)) = [F(x) * (1-F(x))]7L, (5)

Using the computational form

n
2
A<

nt = -n -1 jZ{zj-l)[ln F(xj) + 1n (1=F,_541) 7, (6)
the test procedure is as follows:

1)  Let x,<x,<...{x, be n observations in the sample.

2) Computz An2

3) It An2 is too large, thie hyjothesis is to be rejected,

ﬁ " The Crancr-von mMises Statistic

= The Cramer-von Mises statistic is a special case of the

-

5 AL ¢ with [F(x)] = 1 and is written as

l.

X 2 ® . ‘ 2

. Wn = [Sn(x) - F(x)] dx. (7)
-0

This test procedure is the sawme as outlined for the

A

Anderson-Darling goodness-of-fit test (26). The computa-

tional form used in this case would be

RYRe & Ak

n .

w? s Lo ¥ orr(xy) - 21242, (8)

.t n 2n ¢ T2 J 2n

- 3=1

.

ﬁ Problem Statement

i Few joodness-of-fit tests are available to perform on
sample data when the parameters of the distribution are not

9 known, &As mentioned earlier, Lilliefors developed a test

E for the unspecified exponential and normal. Also, bush
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generated a set of critical values for the Weibull with

unspecified scale and location parameters (3)., There still

exists the need to develop a valid goodness-of-fit test for
the gamna density function when the scale and location
parametuers are unknown. |

The purpose of this research is to develop a goodness-
of-fit test for the 3 parameter gyamma when the scale and
location parameters must be estimated from the sample data,

This involves generating a table of critical values based on

the saumple size and the shape parameter. The accuracy of

the critical values must be sufficient enough so that data,
sampled frow other populations are rejected.

Qbjectives
This thesis has the following objectives:

1) ‘o yenerate and document the Anderson-Darling, Cramer-
vun rlises, and the Kolmogorov-Smirnev rejection tables
for the three parameter gawma distribution where the
scale and location parameters are unknown,

2) 1o conduct a power comparison between the Anderson-

varlingy, Cramer-von Mises, and Kolmogorov-Smirnov

yoodness~of-fit tests,
3) To investigate the possibilities of a functional
relationship between the shape parameter and the

critical vulues in objective one.

|
|
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I1I. 'The CGamwa Distribution

The Gamma bDensity Function

The ganmama density function is useful in reliability and
maintainability theory. It also has applications in the
natural sciences, If{ the randonm variable x is jamwa distri-

buted tinun the probability density function takes the form:

K-1
£ (x) =‘L£:£L_F_ exp (-4229), (9)
rk) o " ?

“here are three parameters which specify the ganma, 0 is
the scale parameter; K is the shape parawmeter, and ¢, the
lucation paruneter.

The conplexity and versatility of the gamma distribu-
tion can be aobserved by exawining the graphs of the distri-
bution f[or various values of the shape and scale parameters.,
Uigure la shows graphs of the standardized gawmma (i.e., ©=0,

=1) tor =1,%,2,3,4, and 5 (7:370). when X=1, the gamma is

the expornential. Also, it is interesting to note that when
 is less than one, the gamma closely reseubles the exponen-
tial Jistribution,

iwlsou, tigyure 1b stiows that for large K (K=5%50), the
Gaith. a rescables the normal distribution, tigure 2 illus-
trate:s tiue intlucence of on thc grénh of tac jauama, llere
wi el o= &ni =2 and sketen the graphs for @ =1/3, 172, 1

and P (T7:371).
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FIi: 1. Craphs of the standard gamma density function for
(a), R = +5,2,3,4 & 5 and (b) K=50
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Application of the Gamma Density tunction

"he gamma distribution is often used in reliability
thcory to represent the distribution of the time between
Lailures of a system. Assume, for example, that a system is
wade up of r cowponents, all of which must fail for the
systew to fail. Furthermore, assume that the time to fail-

urce x:

i of each component is independent and exponentially

distriouted. 7Then the time to system failure Y = X; + X, +
ees + K, is Jamma distributed (7:369).

In quecueing theory, the random variable T follows a
gqauma distribution, where T = X1 + Xy + o0 X is the total
tine to service K customers assuming that the time of
service of cach customer is independent and exponentially
distributaed,

The two cases described can be modeled as a special
cuse of the jamma known as the Erlang distribution and
vAiressed as:

K . .
f(t) = “(___.t:‘)__)_'o tf\-l e-!\ t’

L t>0. (10)

A random variable having a gamma distribution has also
bheen used to represent or measure the occurrence of physical
rhenomend., lor example, Slack and Krubein (1955)
demonstrated that the mean value x of radioactivity (alpha
particles per wminute) within a samj:le of Pennsylvania shale

followerd a ganma distribution (7:370).

11




II1. Methodoloqy

This chapter presents the Monte Carlo simulation proce-
durec used in generating the critical value tables for the
riodified “olnoyorov-Smirnov, Cramer-von mMises, and Anderson-
sarling tests.  The procedure s outlined using the flow
chart in Fijure 3. Secondly, an outline of the power cowm-
périson awmony the three yoodness-of-~fit tests 1is given,
Thirdly, a discussion of the analysis of the functional
relationship between fhe shape parameter and critical values
is presentea for cach of the test statistics,

fonte Carlo Simulation Procedure

Ihe following procedure is used to gyenerate the criti-
cal value tables for the modified goodness-of-fit tests, As
mentioned earlier Figure 3 presents these steps in flow
chart formnat,

1) For a ftixed sample size n and ftixed shape parameter i,
n standard randowm ¢gamma deviates are generated using a
computer subroutine. 1%The standard gamma deviates are

converted to random deviates with location parameter C

= 1 and scale parameter 8= 1,

2) The n random deviates are ordered, x(l), x(z), con
3) I'he ordered random deviates are used to

estimate the maximuim likelihood scale and

location parameters.
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Generate Random
Gammd Leviates

Order Rrandou

Camma Jeviates

A

tstimate Location
and tcale Parameter

N

Deterwine Hypothesized
Cistribution Function F(x)

Calculate Az, we or
=S Statistic

Deterwine the 8uth,
3dvth, Yuth, 95th
and vuth Percentile

FIC 3. Flow chart
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1) ‘i'he estimated scale and location parameters and fixed
shape parameter are used to determine the hypothesized
distribution function F(x).

5) The test statistic is calculated using equations three,
six, and eight, for the modified KKolwogorov-Smirnov,

Anderson-liarling, and Cramer-von mises tests respec-

tively.
G) steps one through five are repeated 5060 times, -
7) The value of each statistic are ordered in ascending

oruer and the 80th, 85th, 80th, 95th and 99th percen-
tiles are used as the critical values of the test.

Jceneration of the Three Parameter Camma Deviates

lor the gamma distribution function, there is no closed
form ftor wiiich we could obtain an inverse; however algo-
rithias are available which can be used to generate random
gamua deviates. ‘The IMSL subroutine GGmAR is used to gener-
ate standard yamma deviates in this thesis. These standard
deviates are converted to deviates having location C = 18
and scalc 8= 1. This is done by using tne transformation
z =0°x+¢C (11)
where x represents a standard random deviate. ‘This trans-
forration is made to avoid a problem with the parameter
estimating routine, Further discussion on this natter is
presented in tne following section.

madimunm Likelihood bstimates for the Gawma Parameters

the procedure used to calculate the maximum likelihood

astinates tor gJawma parameters was developed by liarter and
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Moore (12). “Thelr analysis involves the derivation of the
maximum likelihood estimators and includes an iterative
method for solving the simultaneous eJuations., To derive
the waximum likelihood eyuations we begin with the gamma
density ltunction with location parawmeter 3¢, scale param=-
cter 8, anu shape parameter i:

£(X,C,8,K) = .f-l.-- [f-;ﬁl“‘l exp[-252), (12)

The likelibhood function of the order statistics X1r XopeeeXp

ot & sample of size n is

n n
= (_1_,n Xi=C k-1 - XiTq, 13
CFricys 1§1[ . exp [ 12=:1 5 (13)

he wisih to £ind the values of 0, K, and C which maximize L.
This is done by taking the natural logarithm of L, and
setting the partial derivatives with respect to the three
pparameters ¢.jual to zero and solving the three simultaneous

equations. ‘I'he partial derivatives are shown here:

dlnL nk i Xj-c

E T A, T )
dlni L CMK) 1

...a—i‘—— = -nlnﬂ + igl ln(Xi-C) n —gﬁ-‘ T.R-)- (15)
L L -1 . N

g = (1-K) iz_:l (x;-c) + 5 (16)

[t snould be noted that because of a limitation of the
Harter and soore subroutine, it is not possible to estimate
the paraanecters when tne gamma deviates are generated with

location C = (. In the cvent that gawma deviates are

15
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gencrated with C = ¢, it is possible to obtain negative

estimates for the parameters., The subroutine maps these

—rr————
-

A e
]

- negative estimates onto zero. Thus, C and @ will not retain

L pe o s
U IR AN

the invariant property which is needed for these tests to be

-
.

valid. In addition, the iterative technique used in the
rarter amd phoore subroutine does not work for the special
case when the shape paramcter is set to one. Because the
gamwma 1s an exponential dictribution when the shape param-

eler is egquel to one, we can use the maximum likelihood

estimators of the location and scale paraweters for the

exponential.,  therefore, setting K egual to one and solving

vyuutions 13 and 1% we obtain

C = x(l) . (17)
- and
Y J L u

R N S IEY (18)

veriving the iypothesized Distribution Function IF(x)

vhe waxiawum likelihood estimates for the location and
scale jparamceters and the fixed shape parameter determine F
(%) Obtaining a numerical value for E(x) requires an
inteyral calculation; this calculation was done using the
ImSL subroutine MDGAM (13)., MDGAM calculates the probabil-
ity that a ranciom variable x from a standard yamma distribu-
tion (fece, ¢ =4 and @=1) is less than or euual to x. ‘1o
transtorn tuce deviates, Yjr troin a seneralized gamma distri-
bution intu standard yamma deviates we use

- yi=C
. K = mpme (19)
]

16
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The details ol this transformation are provided in Cortes
(b:17).

Powver Conjparison

The powers ol the nodified Kolwmogourov-Smirnov, Crauer-
von «iises, and Anderson~Darling tests are conpared for ten
alternative dJdistrioutions, Saumples of sizes eyual to five,

15, anc¢ 2% are drawn from the following selected

distributions:

1) Lanna, shape equals 1.5
2) Gamna, shape equals 2.5
3) Gauna, snape eguals 4.0
4) v.eibull, shape equals 2.0
) weioull, shape egquals 3.0

i) dori-al (1¢,1)

7) seta (p =1, 4 = 2)
£) beta (p = 2, 4 = 2)
) Lojrormal (p = 1, w = 0)
1) Lojgnormal (p = 2, w = 0)

These distributions are tested éccording to:

i3 I'he sample variates follow a gamnma distribution

having shape parameter K,

he s The sample variates follow some other distribution.
The power investigation was conducted under two null hypoth-
eses, one Lor shape parameter, @« = 1.5, the other for shape
pulameter, 1 = 4,0, the randow devietes tor the above
alternative distributions were yenerated using ImMSL

subroutines,

17
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‘the logynorual density function is written as

t(x) = .- L __ exp (-% (An _x-w) 2y  «>p (20)
“PVEX p

"

J otherwise,
andd is illustratec in Figures 4a, and 4o f[or the parameters
P uinc W yiven above,

1he welioull density Lunction is

s K-1 o — .
L(x) = .“_(_"_.‘Z)K.l-- exps [-(“o‘-’-’-]*\, i, 850, C<x  (21)
0

0 otherwise.

and iy shown in bigyures 5a and 5b, 7

ihe beta density function is expressed as

-, - . - PtY) P=l 1o,y =1 ey
! “ f(x) F(_{T‘) ) X (l=x)H4"4%, (<x<1 (22)
K

0, otherwise.

ane its graph for the two cases of intecrest, is presented in
Ligures Gu and Gb,

Lo eacihi ol the sample sizes wentioned above, five
thousanu suu,le sets were generated ftor the alternative
uistrivutions, 7The location and scale parameters are calcu-
loted ander the null hypothesis and the three test statis-
tics, k=3, A2, and wz arc evaluatéd. ihe value of these
stulistics are compared to the critical values derived in
this tioesisn. It the value of the statistic is greater than

the critical value, the null hypothesis is rejected, The

18
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Lognormal
w=20, p=1,

w =10, p= 2.
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15 Ha. tielbull, K = 3, IS She Weibull, K = 2.0,
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total number of rejections are counted., ‘he power is the

total number of rejections divided by the number of trials,

Cetermining the Critical Values

t./ repecting steps one through five 5080 times as shown
in the flow chart in ligure 7, 5¢06 values for K-6, Az, and
w? are calculated. 7These critical values are ordered and
the Suth, 85th, Y8th, 95th, and v9th percentile are used as

the critical values of the tests,

Computoer Progyrans

The computer proyrams used in this thesis are presented

in aAppendix G,

21
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In this chapter a sct of steps is given which is used !
to perfora o goodness-of-fit test by applying any of the
three toests developed in tnis thesis. Also, an example

illustrating the Anderson-DRerling test is presented.

the Lolowing steps are used to perform a goodness-of-

fit test: i

1) peterwmine tne shgpe parameter, K, and the desired level
ot wigynificance a,

2) 1roti tne Jdata to be tested, calculate the naximuw
likelihood c¢stimators for the location and scalce

paraticters,

3) 'roir the apgropriate table, select tiie critical value,

dan corresponding to @« , the sample size n, and shaje
’
garameter K,

1) duing the naximun likelihood estimators, determine the

estimated hypothesized distribution, and use equation

:{.

three, six, or eiyht to calculate the Nolwmogorov-
suirnov, Andcrson—Darliné, or Cramor-von lkiises test
statistic respectively.

“) [ the value obtainced in step four is greater than the

critical value found in step three, then reject the

T T'"I’fv') -
sl ol e eh s

F . . . . . .
! Liy;othegsized distributions. 1L it is swaller than the
critical value, then the hypothesizea distribution can

~ not Lo rejucteds

22




The time betwecn failures of a particular subsystem of
a radar system is believed to be distributed according to a
Jama distribution with shape parameter egual to 3., A
test enginecer recorded the following tiwes between failures
of thut subsystom: 11.1, 1¢.6, 10.4, 13.0, 11.3, 10.5,
1€.0, 1¢.9, 10.6, 1¢.8 days.

i modilied Anderson-parling test at a .05 level of
signilticance is perfofmed using the critical values in this
tucsis. The prowlem can be stated as a test of hypothesis,
that is,

i The distribution is gamwa (shape = 3.0).

il,z  The sawple comes from another distribution,
'irst, tue level of siqgnificance @, and shape parameter K,
lhave bLeen deterwmined to be .65 and 3.0 respectively,
second, the maximum likelihood estimators calculated using
the tlarter and woore subroutine are & = 9,319 znd 0 = JE26,
Mext, thce critical value from Table XXVI is .841%. The
hypothesized distribution is completely determined by the
fixeu shape parameter and the estimated location and scale
paramcters; these values are presented in Table I. The
value of the Anderson-Darling statistic is A2 = 1,7342,
Hince 1.73242 i greater than L8415, the null hypothesis is
rejected. Therefore, the conclusion is that the sanple of

time between failures comes from sowe otuner distriil. tion.
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g(x)

14

10.4
1.5
1¢:.0
16.6
1¢.86
10.9
11.1
11.3
13.0
12.6

«153
163
2013
211
« 259
« 308
. 384
432
.822
<999

24




LA R 08 SN S SRt s

S 3

Lt
'l

R

."\»n‘)'\‘ﬂ
R

&

2

' 14
t
.

yer Y s g Py

V. DUlscussion of the nesults

fhiis chapter presents the results obtained with respect to
the objectives stated in chapter 1. These objectives were to
develop modified Kolmogorov=-Smirnov, Anderson-barling, and
Crancr-von imises tests tor the gamme and compare their
owers. Also included was an investigation of the relation-
ship between toe critical values of each test and shape
parameters. Included with these results is a report on the
validation of the computer progyrams used in this thesis.

Presentation of tue Kolmogorov=Smirnov, Cramer-von Mises,

and Ancerson-iarling Tables of Critical values

The tables of critical values for the modified K-S, Az,
and W% tests are presented in Appendices A, B, and C,
resoectively. |

witen the snape parawmeter is fixed, both the K-$ and Al
critical values are decreasing as the saaple size increases,
The rate ol decrease is swmaller as n increases; this is an
indication that the critical values appear to be converqginy
for large sample sizes. The Crawmer-von nrises critical
values, on the other hand, are increasing with respect to
tlie sample size, Again, the rate of increase is smaller for
larger values of n, indicating that the critical values are
conver ;ing tor large sample sices.

1t should be noted that because the critical values are
derived through Monte Carlo simulations, the values are ot

error free uand taat the_ amount of error decreascves as the

number of trials increases (25). The 504 repetitions used

25
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- RS in this thesis was a practical compromise based on computer

T v

time required and accuracy desired.

- Computer Programs Validation

The cowmputer prograwms are verified by generating crit-
ical values‘for the exponential distribution with unknown
wean. ‘This is done by generating gawmma deviates with shape
parameter ejual to one, fixing the location parameter at
sowe arbitrary value, and estimating only the scale
parameter

The critical values are calculated for sample sizes n =
5, 1, 2v, and 3C. The critical values from the Anderson-

Darling and Cramer-von Mises statistics are modified using

expressions (23) and (24) derived by Stephens (27):

2 1.5 .8
“ N (1 + Y nz) (23)
w1+ 228y, (24)

The cogputed critical values are compared to those

" .

[

- calculated by Stephens (27) for significance levels .15,
-

- -

Eﬁ e critical values calculated for the Kolmogorov-Smirnov
F_ statistic for the exponential are compared directly to those
:3 derived by Lilliafors (2¢). The critical values which are
ii derived {rom the programs in this thesis are presented in
- faisle IV and can be compared to Lilliefors results in Table
:" \/ ]

=

f’ e critical values for the Rolmogorov-Smirnov statis-
% -

[ tic compared very well to the Lillietors values. The
®

P',

=

26
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TABLE [I
! Craner-von Mises W2
w? (1 + .16/n) Stephen's
e l-x Critical
s n=% n=1¢ n=2¢ n=3¢ Values
s .14° . 149 . 148 .1523 . 149
'UU .17’/ 0176 0174 017C ol7l
<95 « 220 .21% .221 .221 .224
! 94 <341 .332 «335 325 337
L)
ThLE [II
Anderson-Darling A2
X3 (1 + 1.5/n - S/nz) Stephen's
1= Critical
n=% n=1f n=20 n=34) Values
. L35 .u4a1 .992 «U53 LU61 <922
F. RTH 1,.nuv 1.129 1,097 1.098 1.¢78
3 o(;(., 2.-:7’“ 2.219 2.077 1.974 1.957
L
i
e
o ..
- ‘
Ll
“ 27
e
b
L
3 , .
| S . R, .




TABLE IV

Xolmogorov-Snirnov
Thesis Critical values

1- n=5 n=1( n=2y n=30
.85 « 378 0276 «199 . 106
. Ol .401 .« 295 .214 .178
«45 .447 .323 «235 .193
«HY «531 . 384 . 278 «232
TABLE V
Qv Xolmogorov=Smirnov K-g

. Lilliefors Critical Vvalues

- 1- n=5 n=10 n=20 n=30

P o5 « 382 <277 .199 .164

? BSTY L A06 . 295 .212 .174

& .95 442 .325 .234 162

- .99 .504 . 380 .278 . 226

=

4
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yreatest deviation occurs for n = 5 at significance level
.#1. The Cramer-von Mises values generated are very close
to Stephens values with the greatest deviation being 3.6%
for n = 31t and significance level at .Ul. There was also a
4ood match between the Anderson-quling values, with nost
gqeviations tetween 3% and 4%; however the greatest deviation
is 13.46 for n = 1¢ and signiticance level .01,

tower Investigyation

A power cowmparison is made between the Kolmogorov-
smirnov, aAnderson-Darling, and Cramer-von Mises goodness-of-
tit tests aeveloped in this thesis. The gamma distribution
with shape parameters egqual to 1.5 and 4.0 were both used
against the alternative distributions listed in chapter III.

Sample sizes five, 15, and 25 were used in the power studies

at boti an a=-level of .5 and .01,

- i'ables VI through XIII show the results of the power
éi - couap.arisons tor a-levels .15 and .Cl. ‘when the null hypoth-
esis is true, the power meets the claiwed level of éignifi-

. cance to the second decimal place in most cases., For all

ekl

o a

tests the power is low for sample sizes equal to five., 1In

a

& tact, in wost cases for n = 5 the power is nearly equal to
ﬁi the significance of the test, indicating that the goodness-
Fi ofl-tit test has no practical use for very swmall sanmple
4

= sizes,

-

:: In ncarly all cases, the powers of the Crawmer-von Mises
b .

5: and/or anderson-Darling are qgreater than Kolmogorov-Smirnov
4

a . tests. Masced on this study, the latter test would not be

29
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used as long as the first two are available., An examination

of Tables VI through XIII reveals that for both levels of

significance, the Cramer-von Mises test is more powerful

than the Anderson-Darling test., The only exception to the

previous stutement occurs when the altcernative distribution

is lognorwal.

The following observations are mace concerning the

power of both the Cramer-von Mises and Anderson-Darling

tests when sanple sizes are either 15 or 25:

1) It the null hypothesis is a gamna with shape equal

to 1.Y, tie power is high against all alternative distribu-

tions except tor another yamma, 7The tests are especially

hign against the lognorwal distribution.

2) iwhen the null hypothesis is the yamnma with shape

egqual to four, the power is high against the lognormal and

S

normal distributions, The power i not yguite so hiyh

ajainst the beta., Against the other gammas and the Weibull

witih shpace eqgual to two, the power is low, even when the

sample size is 25,

Relationshi;, wetween Critical Values and Shape Parameters

in investigation of the relationship between the shape
pvafaacter and the Kolmogorov-Smirnov, Anderson-Darling, and

Cramer-von Mises critical values is summarized in this sec-

tion. tor each test statistic, the shape parameter versus

critical valucs are plotted. These grap.hs are presented in

Appuenidix © for the K-S, Appendix E for Az, and Appendix F

for the ¢+ critical values. Tae graphs of all the test
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statistics appear to exhibit a common and consistent behav-
ior. This consistent behavior observed from the graphical
representations can be sumaed up as ftollows:

1) FYor all test statistices, the relationship of crit-
ical values as a function of shape is always decreasing for
shap¢ yreater than one; this decrease appears to be an
inverse relationship,

2) vhe graphs of the Anderson-barling critical values
always show an increQSe as the shape increases from .5 to
1.4,

3) 'he kolmogorov-Smirnov and Cramer-von Mises crit-
icul values increase or decrease, as the shape varies from
.b to 1.0, depending on the sanple size.

A regression analysis is performed to determine the
functional rclationship between the critical values and
shape paraneters, as sujgyested by the graphs, The study
includes values for the shape between 1.% and 4.00. Shape
raraneters less than 1.5 are not considered in the regres-
sion wnalysis because a different estimating techniqgue was
usbed to calculate the critical values for the gamma when
shag.¢ is ¢ :;ual to one, In addition, more information is
needed about the behavior of the function between .5 and 1.5
for all test statisties,

The capruession which best reuresents the relationship
tor all test statistics is

C = a, + a(l/Kk").

o . . .
K, the¢ nuwbert whicn mecasured the amount of variation
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in all cases. This expression can be used to find the
critical value corresponding to share parameters between 1.5
and 4.4, not found in the tables in nppendices A, 8, and C.
“herefore, a test of hypothesis can be j.erformed for the
null hypothesis being, for example, a gamma distribution
having shape equal to 2.75.

The value of Rz, and coefficicents a; and a, are re-
corded in Tables XIV, XV, and XVI, for the K-S, A%, and w?

critical values respectively.

46

L .



4
H

VI. Conclusions and Recommendations

Conclusions

based on results obtained in this thesis, the following
conclusions are noted:

1) The Kolmogorov-Smirnov, Anderson-parling and
Cramer-von mices critical values for the three-parameter
jamma are valid, The power study revealed that when the
null hypothesis is true all three tests achieve the claimed
level of significance.

2) The power comparison study based on the ten alter-
native distributions listed in Chapter 3 shows that in
genural the powers in decreasing order are wz, Az, and K-S.
“he A2, however is more powerful against the lognormal
distribution., 411 three tests demonstrated low power for
samyule sizes eyual to five, indicating a goodness-of-fit
test involving a sample size of five using the tabled
critical values would not be practical,

irecorn.endations

The following recoimmendations. are suqgyested for further
investigation:

1) DPevelo)p a more efficient technique to calculate
the maximum likelihood estimators for the parameters of a
ganma discribution,

2) Investigate a functional relationship between the
sample size and critical values so that goodness~-of-fit
teusts can be done for sample sizes other than those

presented in tnis thesis,

47
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3) xtend the goodness-of-fit test to include
parameters between zero and one.

4) Lxamine the feasibility of developing a ygoodness-
of-fit test for distributions whose parameters are unknown,

hased on the characteristic function.
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TABLE XIII

Kolmogorov-Smirnov
Shape Paraneter = ,5

sanple Level of Significance
vize
n . 20 .15 Y .05 .01
5 .352¢ . 3681 .3913 «4330 «5217
10 2637 <2798 +301¢ .3331 3862
15 <2249 1 .2365 .2514 . 2804 .3317
20 1967 . 2077 .2225 «2457 «2941
25 . 1759 1870 . 2006 .2227 «2623
30 .1635 .17136 J1R44 20130 .2449
TARLE XIV
Kolmnogorov=Smirnov
Shape Parameter = 1.0
Sa@ple Lavel of significance
Si1ze
n o 20 .15 <10 « U5 Ul
5 3701 .3848 «3994 .4433 «5269
14 2651 .2788 2958 « 3267 «3930
1% .2184 « 2306 . 2451 . 2704 « 3203
2 .1923 .2038 2177 .2392 2774
25 .1693. 1788 <1910 «2113 « 2520
34 «1561 .165¢ .1750 «1958 «2297
53
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TABLE XV

Kolmogorov=Swmirnov
Shape Parameter = 1.5

Samji.le Level of Siqgnificance
Slze
n . 20 .15 .10 .i15 .51
5 «3333 . 3505 . 3738 .4151 .4725
lu . 2446 2524 .2797 . 30406 « 3597
14 S 200K 2187 « 2336 . 2554 « 2995
2 1841 «1435 . 20158 2244 « 2658
25 .1624 «1713 J1i12 1979 . 2329
e 1567 <1579 <1677 1339 .2222
TABLE XVI
Kolinogorov-Smirnov
Shape Parameter = 2,¢
Saumple Level of Significance
Slze
n . 20 .15 .10 .15 {11
5 «3255 « 3423 « 3635 « 3927 «4482
1i « 2432 « 2567 «2730 « 2906 .5377
15 2005 «2105 «2235 . 2464 .2845
26 1748 .1838 219746 £ 2157 2488
o 1591 «1671 «1773 «1943 e 2264
30 «14353 «1537 .1640 1793 « 20299
54
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TALLE XVII

Kolmog v-Cnmirnov

~ YA
Shape Parameter = 2,5

-—w - >~ - - T ¥ .

W e e et e A, a2 Attt ot

N P

Ldpple Level of Significance
wlze
n o 20 .15 .10 .45 .01
5 3198 . 3366 «3581 . 38948 .4399
e <2370 .2483 «2634 .2884 .3378
15 1963 . 2067 .2187 .2414 .2814
20 1718 L1803 .1911 2102 «2457
25 «1552 .1636 «1738 « 1894 « 2269
34 .1417 .1483 .1584 «1730 $2023
TABLE XVIII
rolmoyorov=Smirnov
Shape Parameter = 3.(
Sanple Level of Signiticance
Size
n o 280 .15 <10 .05 .01
5 3179 «3342 .3524 « 3799 « 4365
19 2338 .244¢ .2595 <2829 .3282
14 «1439Y . 2041 .2172 . 2352 «2751
20 <1710 «1792 .189¢ 2067 «2395
25 .1520 1604 . 169% . 1858 «2130
3¢ .1411 .1478 1573 1711 2826
55




u . TALLE XIX

Kelmogorov=Smirnov
Shape Parameter = 3,5

R Sample Level of siynificance
. 5’1?19 o 21 15 all a5 (]
;2 5 .3161 .3317 .3508 .3769 .4314
‘ 14 .231¢ .2421 2561 .2812 .3234
& 15 .1923 . 2401 .2127 2326 .2724
- 20 <1695 <1775 .1884 . 2059 .2403
25 .1511 .1588 .1689 <1829 2127
341 1382 .1452 .1543 L1684 <1992

TABLE XX

Kolnogorov-Smirnov
Ghape Parameter = 4,4

i:":

o Sam.le Level of Signiticance

::-‘ Size

::‘. n o?‘, 015 ol” .Cr.) o()l
: 5 .3131 .3289 .3471 .3731 .4266
» 16 .2308 .2416 «2567 «2792 «3267
q

# 1% .1204 . 1992 $2118 .2312 . 2666
o 20 145 .1748 .1858 2062 .2312
Lf s $ 1505 .157p <1666 .1523 <2137
E% 30 <1381 .145¢ .1544 L1690 L1970
- -
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APPENDIX I3

tables of the Anderson-Darling Critical

L N

Values tor the Gamma Distribution
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TABLE XXI

Anderson~[Darling
bhape Parameter = ,5

Sampile

Level of Significance

Sice
n . 20 «15 <10 o5 .01
5 1.0724 1.1679 .1.3135 1.6233 2.5899
10 sY224 - 1.1295 1.1919 1.4375 2.2323
1y L8797 . 9824 1.1258 1.4183 2.2116
20 .8744 9759 1.1352 1.4831 2.1989
25 .8367 .9472 1.0963 1.39190 2.0626
39 .8332 .0428 1.1107 1.4316 2.3048
TALLE XXII
Anderson=-parling
shape Parameter = 1,9
u;;}lc Level of Significance
Lize
n e 28 .15 106 U5 31
P) 2.1888 2.3079 2.59206 3.11710 4.3921
14 1.5085 1.6604 1.8807 2.2980 3.4906
15 1.2827 1.4396 1.6493 2.0360 2.9562
240 1,2124 1.351¢ 1.54¢80 1.9638 2.7789
2h 1.0831 1.2147 1.3¢%4 1.7118 2.5678
3 1.0558 1.1750 1.3756 1.6094 2.4482




...........

TABLE XXIII

Anderson-Darling

Shape Parameter

1.5

Sanple Level of Significance
Gize
n .20 .15 L1 5 01
2 .6o08 L7577 L8491 1.0603  1.430C
lu L7104 .7332 L9817 1.092¢ 1.5597
1% L7063 . 7940 607 1.1067  1.58238
21 .7145 <7963 L9120 1.8923  1.571%
25 L7278 .8453 L2176 1.1332  1.5565
303 .7296 L8165 L8266 1.1189 1.6133
TABLE XXIV
o Anderson-Darling
X Shape Parameter 2.4
- Sample Level of vigniticance
size
- n .24 .15 .10 35 o1
e
o=
o 3 6106 .6G66 7417 L8673 1.1757
b
E; n (6265 .694C L7879 L9240 1.2260
4 14 6330 5927 L7830 L9465 1.3451
M
- e 6422 <7101 L6051 L0392 143437
3 25, L6420 L7082 L7984 L9676 1.3956
4 30 L0461 L7167 L6213 L9978 1.4544
-
? 59
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TABLIL XXV

Anderson-Rarling
Shape Paranmeter = 2.9

Gample

Level of Hignificance

Size
n o 2i) .15 .10 o5 o111
) L5708 6261 «6964 .8324 1.6976
14 L5841 .G5¢4 « 7439 .8740 1.2080
15 .5915 6556 7330 LBGY3 1.2046
2 51069 «6699 7544 .9C29 1.227¢
25 . 5991 «659¢ . 7462 9023 1.2328
30 00611 «6573 « 7384 «9025 1.2614

TABLE XXVI
Anderson~Darling
Shape Parameter = 3.0

uugyle Level of Sigygnificance

Llze
n .20 .15 14 <05 .01
5 5549 .5962 . 6730 . 7813 1.0634
lu 687 5276 « 7{156 «3415 1.1702
15 5757 «6376 . 7251 »3G615 1.1651
20 «5749 .6360 «716¢ 88755 1.1499
25 «5708 .6364 271225 . 28u3 1.1714
30 .5852 .6490 « 7355 208628 1.2661

6U
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;l TABLE XXVII

-

- Anderson-Darling

- Shape Paramcter = 3.5

E Sanplc Level of Significance

' Sluw
n . 24 .15 10 « 15 ot
Y .5472 « 5967 .6588 .7748 1.0173
1 .9522 .01124 L6730 L6072 1,1318
15 . 5577 « 6219 .6942 .8081 1.115¢
2y . 5686 «6259 «TV0U . 3432 1.1563
25 «5603 .619U «696{ .8418 1.15%9¢
3u L5603 .6130 .6Y73 . 3298 1,1755

L

.

) -

- TABLE XXVIII

P Anderson-Darling

2 shape Parameter = 4.1

; Sample Level of Significance

- Liee

e n .20 .15 <10 U5 .81

.EZ

: 5 .5293 . BR3R L F464 .7535 .9715

E 16 .5475 <5996 L6720 W63l 1.1029

*3 15 « 5435 «HOLEG .681C .13154 1.1036

.

g 20 L5565 L6068 L5915 .8204  1.1021

- 25 5557 L6124 6998 .8425  1.2094

3
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APPENDIX C

Tables 2£ the Crawmer=-von ndises Critical

vValues for the Gamma Distribution
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TAbBLE XXIX

Cramer-von Mises

Shape pParameter = .5
sample Level of Sigynificance
Size : -
n 24 15 .10 .05 o011
5 «1217 «1363 «157¢ «1928 «3200
1u .1327 «1530 <1795 «2259 «3569
15 1379 «1596 1863 «2340 «3650
20 .1425 «1625 «1918 «2526 3743
¢ 25 1453 .1654 . 1951 « 2514 «3769
3 30 .1449 1649 1986 «256¢8 «4170
5
.
2
. TABLE XXX
Cramer-von Mises
Shape Parameter = 1,0
Sanple Level of Siynificance
Hize
i .20 015 .lﬁ .US .01
5 <1397 .1561 1809 .2314 .3571
1 .1341 1511 1775 .221¢ «3573
1y 1310 1450 1738 2142 «332¢
26 1316 .1484 «1748 2220 «3327
25 + 1299 . 1487 <1742 . 2250 «3239
-~ 30 «1319 «1501 <1757 «2228 <3415
63
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TABLE XXXI

.........

Cramer-von hises

Rt i

~

-

Shape Parameter = 1.5
ua@plu Level of Significance
nize
n .28 «15 .10 e U5 1
) .1092 «1210 . 1390 1741 «2353
16 .1132 «1268 .1471 .1315 2670
1Y 1138 .1287 .1541 .1846 <2740
PAY .1199 «1353 «1551 <1917 2902
25 .1157 «13a7 « 1503 .1847 2791
34 «1171 «1324 « 1520 18706 .2872
TABLE XXXII
Cramer-von pMises
Shape Parameter = 2.0
Sample Level of €ignificance
size
n 29 15 10 {15 81
5 . 1017 .illB «1261 1421 . 2096
10 L1045 1169 «1336 .1620) 02225
1% L1l04¢ .1154 1325 1627 « 2409
24 1055 «1169 «135% L1086 2404
2Y 1051 «1174 « 1356 «1695 . 2481
33 L1877 « 1220 .1415 1739 « 2590
64
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! TABLE XXAILI

:i Crainer-von mises

Eﬂ Shape Parameter = 2.5

i uprlc Level of Significance

: T . 20 .15 .10 .05 .01
ﬁ 5 6953 .1gs3 1187 L1432 .1961
! 14 L0209 - L1683 L1253 L1522 .2194
E; 15 L0983 L1100 L1251 <1531 .2207
f 2, L6991 c1697 .1256 .1531 .2207
P Al <0979 .1099 .1277 .1547 «2239
S 36 Y7y L1091 L1255 L1543 .2237

TABLE XXXIV

Cramer-von Mises

Ghape Parameter 3.0
vauple Level of Significance
T .20 .15 .10 .05 .01
5 <1927 +1011 1145 . 13057 1898
1 41540 .1042 .1200 .1411 S2052
15 3954 . 1075 .1234 1501 . 20185
o 142 1057 1214 1514 £ 2060
25 {935 « 1050 .1224 .1524 . 2137
- 3y L0587 L1061 .1247 .1521 $ 22450

65
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TABLE XXXV

Cramer-von Mises
Shape Parameter = 3.5

Sample

Level of significance

e m e a et

Gize
n .21 .15 .10 .5 .01
5 .7919 « 1009 «1127 .1341 »1827
1¢ L0914 . L1006 .1148 1396 2007
15 0925 .1032 .1172 .1418 « 2002
20 %939 L1051 .1203 .1473 2112
25 .£920 <1034 .1189 .1447 L2115
34 0926 .1024 1170 1416 20156
TABLE XXXVI
Cramer~von fiises
Shape Parameter = 4,0
sanple Level of Significance
Hize
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(s XaNaNzNe)

405

PROGRAN AD
SBNNRS0E000000000E0840CC000ANA0RGAENGERNRAERARGOCS'00QGRANGOGGSRRRTS
V08B RARASSAOGABOOS NG0B RRRAOERICARNGOIORNGRERAGOSAGORSORROGOOGAREDS

esTHIS PROGRAN GENERATES IHE MOOIFIED A-D STATISTICS .

5000 REPS .
THE TABLES GENERATED ARE VALID FOR THE GAMMA DISTRIBUTION .
aN = SANPLE SIZE = 54(5)¢30 .
05S1 = 0 IF SCALE PARAMETER C(THETA) [S KNOWN .
¢SS1 = 1 IF THEYA IS TO BE ESVIMATED L]
©SS2 = 0 IF SHAPE PARAMETER (X)) IS KNOWMN -
¢SS2 =1 IF K IS TO BE ESTIMAYED L]
¢SS3 = 0 IF LOCATION (C) IS KNOWN L
#S5S3 =1 IF C IS TO BE ESTINATED .
eCl = INITIAL ESTIMATE OF C (OR KNOWN VALUE) []
eTl = INITIAL ESVIMATE OF THETA (OR KNOWN VALUE) L

sAl = INITIAL ESTINMATE OF ALPHA (OR KNOWN VALUE) []
8000000008 R0ARRGAIANRRA0SARARORRARARAGAORARSEARCRARRGERRAGROORARS
000 E0EN0800REEA006E0REEsACEEteatantoaanesetetostnseoitontnsssnss
COMMON/VALUE/P(100)

COMMON/RAY/T¢100)

COMMON/MANA/ Ne SSLeSS2e5S3eMesCleTLeALoMR

DOUBLE PRECISION DSEEDeTsC1lsV1eAl

DIMENSION FX(60)oAACSO00) o XK(S5002)9YY(5002)96¢50)

INTEGER REPPP

DSEED=15000.000

MNR=0

NONE =0

N2ERO=0

REP=5002

NOSSREP-2

NUN=REP~-2

sCALCULATES 5000 PLOTTING POSIVIONS ON INTERVAL (0¢1) AT CI-.5)/N
¢ THESE ARE USED FOR INTERPOLAVIONS ON PERCENTILES
t
YvYei)=0.
YYEREP)I=1,
DO 405 Lz224REP-1
YYELIS((L=1)=eS)/NOS
CONT INUE
*END OF PLOTTING POSITIONS RJOUTINE
READ#9S5195520SS3¢C19T1eAL
PRINT®555195529553sC1,T1eAL
PRINTe
PRINTe
PRINT.
PRINTI(2XoAeFS 1) s "SHAPE=Y9Al
PRINT?(2KeAD? pvwcmccecaasd
PRINT
sSAMPLE SiZ2E ASSIGNED MHERE
DO 100 PP=15,15
NzPP
n=n
«LO00P FOR MONTE CARLO SIMULATION STARYS HERE
00 99 KK=1,5000
CALL GGAMRCDSEED¢AL oNoGoP)
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719

c

333

500

99

400

(g N pNal

420
410

00 719 IK=leN
PCIK)=leoPUIK)I®LO0.
CONTINUE

CALL VSRTA(PoN) &

D0 3 II=1eN

TLII)=PCL])

CONT INUE

CALL GAMMA(CSJTSJUeASY)
SCALCULATES ESTIMATED F(x) FOR EACH SANPLE POINT
D0 333 L=1eN
HSC(PIL)-CSUI/TSY

X1=ASY

CALL MDGAMCMoX1ePROBSIER)
FX(L)=PROB

IFUFNCL) «EQale )THEN *
FXCL)=FX(L)*.0001
NZERU=NZERO*1

END IF
IFCFX(L) «EQe 1<) THEN
FXCLI=FX(L)=-.0001

NONE =NONE®]

END IF

CONT INUE

WAD=0.

XN=N

DO 300 I=1,N

xI=1

WAD=WAD® (20X =1e)(LOGCFX(LI))*LOG(Lc=FX(Ne1=I)))
CONT [NUE

WAD= (-WAD/ XN)=XN
AACKK)=WAD

CONT InUE

CALL VSRTA(AA,5000)

. DO 400 L=14REP-2

XX(Lel)=AALL)
CONT INUE
CALL ENDPT(XXyYYoREPJNUN)

*PRINTS PERCENTILES

PRINTO®(2XoAe2)¢o®FOR N = *4PP
PRINT®*(2XgA) *ylcccrcccaaal
PRINT»

D0 410 J=8009595

D0 420 II=14REP

ISREP1-]1
IFCYYUI) el Te (U/100.0))THEN
SLOPESCYY(Ie13=-YVLIDI/(XNX(LoL)=-XX(I))
22=~SLOPEsXX(IDevYL(I)
PRINT®(2XsAe124A9F9.4)7,
LOTHE®9Jo *TH PERCENTILE 1S9,
2€0J/100.)-22)/SLOPE

PRINTe

60 10 410

END IF

CONT INUE

CONT INUE
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430
999

100

AaOGHO0OM

00 430 AK=1,.REP

K=REPel~-AK

TFCYY(K) oL Te «95) THEN

60 T0 999

END IF

CONT INUE
SLOPE=(YY(K*1)=YY(KD))/Z{XNIKOLD-XXCK))
22=~SLOPEaXX(K)eYY(K)
PRINTO(2KoA9F9at)?*,
L°THE 99TH PERCENTILE IS%,
2€.99-22)/SLOPE .

PRINTe

PRINTe

PRINT.

PRINT»

CONT INUE
PRINTOC2XoFT ¥ 9N oF T 9N eFTe8)?yCSUeTSJ9ASY
END

*SUBROUTINE TQO EVALUATE ENDPOINTS

SUBROUTINE ENOPT(XXoeYYoREPINUN)
INTEGER REP
DIMENSION XXC(REP)I oYY (REP)
SLOPE=LYY(2)-YY(IDD/(XUNL2D=AXCS))
B3YV(2)-SLOPEAXX(2)
V1=-B/SLOPE
[IF(V1LlTe0e) THEN

Viz=0.
END IF
Xx¢1)H=Vl
SLOPESCYY(NUMI=YTC(NUMSLIDI/Z(XNINUN) = XX NUNSL))
BL3VYYC(NUMDI=-SLOPE e XX(NUM)
¥2=(1.-81)/SLOPE
KXLREPI=V2
RETURN
END
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i PROGRAM P106G1 Te/74  OPTEO FIN Se1e523

o PROGRAM 210661

[ﬁ_ Cs 80 28+ 30, . ¢ .+ aw aet DL I NPIIDN . BBe Hav.000 040 u .02 O

Ch 8as ass e (Y S et ®mb @A SENY BadIRILOCRRN Em: @Be BRSL B » O
il R THIS PROGRAM GENCERATES A PON™R STUDY BETWESN THE FOLLOWING e~
L c KSeCRAMZIR VON-MISESs ANDIRSON-DARLINGy AND CHI-SQUARE STAT
L c 5000 REP:
h ¢ THIS POWER STUDY IS VALIO FOR FHI GAMMA OISTRIBUTION
Ei c N = SAMPLE SIZ2E = 25
- c $S1=0 IF SCALE PARAMETLR THITA IS KNOMWN
- c $S1=) IF THETA IS TO BE ZSTIMATED .
c $S2=0 IF SHAPE (K) IS KNOWN
c . 35221 IF (K> IS TO BE ESTIMATZ)
c $$3=0 IF LOCATION (C» IS KNOWN
c -883z) IF € IS TO BE ESTIMATZID .
c - CI=INITIAL SSTIMATE OF C (OR KNOWN VALUZ)
c s TASINITIAL ESTIMATE OF THIVA (23X KNOWN VALUED
c AL=INITIAL ESTIMAYE OF X (OR KVOMN VALUE?)
C «8. 48V ot e a8 4.t SNLERLcINTS BBV WL MG wmEH & ¥
r! [ .a Bet s L I N I NN NN RN NN RN NN R NNRY Y NN LN A S R |
COMMON/VALUE/P(100)
™ COMMON/RAYZT(100)
. COMMON/MANA/NeSS1 ¢5529SS3eMeCleTleALleMR
. DIMENSION FX(60)oFIXCE0)
g 2AAMCVM(S000) JAAWADCS000D 9AAKS(3000?
. DOUBLE PRECISION DSEEDeTVecleVTleal
" INTEGER PP
OSEED=25000.000
MR =0
RUCYN=0,.
RUKS=0e !
RuMA0=0e
NZERO=0
NONE =0
710 CONTINUE ;
READ 9SS19S5295S3¢eC1eT1041 i
B PRINTs ¢S5195520553¢C1¢T1oAL |
- PRINT !
>, PRINT !
L PRINT
‘ PRINT®(2X AsF 5119 o PSHAPE=0,A1 f
" PRINTO®(2XyAD® glemcncccccccccnst
é PRINT.
L PPz10
{ N=PP
M=N

DO 99 KK=1¢5000
CALL GGNLGC(DSEED¢N9Ownolee?)
00 719 IK=1eN
i P(IKI=1s P(IKDIel0.
{ 719  CONTINU:
> CALL VSRTA(P,N)
00 3 lJ=1,N
TCI=PLIDD
3 CONTINUE
CALL GAMMACCSJI9TSJIIASY)
DO AB L=14N
. 2(TLLI=-CSUI/TSY
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PROGRAM P10661 74776 OPTZ0 FTN S.1¢528
XX=ASJ
CALL MDGAM(MIXXyPROB¢IER)
FX(LI=PROB

500

FIXCLISFXC(LY

IF (FIX(L)etQe0.)THEN

FIXCLIZFIXIL)I®,0001

NZERO=NZ2LRQe}

END IF

IFCFIXIL)Y «5Qe 1o THEN

FIXCLISFIX(L)=o0001 *

NONEZ =NONE )

END IF

CONTINUZ

MCVM=0.

XN=N

MAD=0.

TOP=0,

B80T=0.

00 500 I=1,N

xi=1

RL=L

IFC(RL/ZXN-FIXCI) «GTe TOP) TOPZRL/ZXN-FIXNC]I)
IFCFIXCII=CRL=2V/XN »6T, 30T) FOT=FIXCID=-(RL=1V/XN
HCVMZMCYMO(FXCTII=(2, XI=2,)07C24 XNI) 2
WAD=UAD® (24 XI=L0CLOGIFEXCLIIOLIGUL-FIXCNOL=-I}))
CONT INUZ

DIF=YOP

1F(80OT .67, DIFIDIF=8QT

MKS=DIF

AAKS (KK) =OIF

IFCUKS o6Te «2732VRUKS=RUKS®],
HCVM=MCYMeLl, /(124 XN)

AAMCVMIKK )=HCYM

IFCNCVN «GT. «1391)RMCUM=RUCYY®L,
WADz=(=MAD/XNI=XN

AAMADCKK )=MAD

IFCUAD «GTea8031) RNAD=RWADe!

CONT INUZ

CALL VSRTA(AAKS,5000°

CALL VSRTACAAUCYM,5000)

CALL VSRTALAAWADS5000)

PRINTe

PRINT. ¢*NZELRO= *oNZERO

PRINTe ¢®*NON_= ®oNONE

PRINT

PRINTs ¢ ®*SAMPLE SIZE = ®%4PP

PRINT

PRINY

PRINTY¢*TOYAL RZJECTION X FIR €-S5= " ,RMKS/S000
PRINT:

PRINT«o® TOTAL REJECTION X FOR JCUM= ®RNCYN/S000
PRINT

PRINTe ¢* TOTAL RIJECTION X FOR dAd= ®,R¥AD/S000
PRINT

PRINTY
PRINTO(2XoFS.4sAXoF T oW XNsFIa8)®oCSUTSUpASY
t NO
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¢SUBROUTINE GAMMA CALCULATES MLE PARAMETERS

[aXa XN X,}

SUBROUTINE GAMMACCSJeTSJeASY)
COMMON ZRAY/T(100)
COMMON/HANAZNGSSL 9S529SSIeMeCLleTLlsALeMR
DOUBLE PRECISION ToCoTHETAQALPHAAgDOLT ¢DLAy AL yOLC4CEoTHeENSsEMoELNN
DOUBLE PRECISION EMKoELoD2ToDToD2AsDA9D2CoDCoENSsGAMoGMA oGAMT ¢ GNAL
DOUBLE PRECISION GMAI24DEXP¢DABS ¢DLOGoSL9DGeDGI ¢DGI29SR9S190GAN
DOUBLE PRECISION DGAMIsEL9sCSJUeTSUsASJeCleT19AL90SEED
DIMENSION CC1100)¢THETACL1100)4ALPHACLL00)
OIMENSION OLTCS0) oDLACSOD 9ALES5D)9DLC(SODeCECSO) o TH(SO)
J1=20
JH=20
C(1)=C}
THETA(1)=T)
ALPHA(L)=AL
9 EN=N
EN=N
86 ELAN=0.D0
EMR=MK
MRP=MR ¢]
a7 NH=N=-Me]
DO 88 I=NMeN
€151
es ELNM=ELNMeDLOGCE]L)
o IF(MR) 664894109
Y ) 109 DO 110 T=14MK
£€1=1
110 ELNM=ELNM-DLOGCE])
89 00 63 J=1,1100 '
- IF (u=1) 6641125111 :
2B 111 Juzd-1
: IF €J~Jl)691394139

" 139 IF CS/ui=JdJ/JIH)6 964117
! 1T 92=4-2

y J3sJd=)

S IF(SS1)1194119,118

118 D2T=THETACJJ) =2.D0¢THETACJ2) ¢THETACYZ)
DI=THETACUJI-THETA(U2)
IF (D27)1350119.135

13% NT=DABS(DT/D2T)
60 10 120

119 NT 2999999

IF (5SS2)12241224121

123 D2AZALPHACGJU)~2.D00ALPHA(JR2) *ALPHALYS)
DAZALPHA(LJ)~ALPHAC(J2)
IF (D2A)13691224136

136 NA=DABS(DA/D2A)
60 T0 123

122 NA=999999

123 IF €SS3)712591254124

124 D2C=CCUJ)I=2.00eC(y2)eC(UI)
0C=CuN-C2)
IF (CGJJD*5.D-5-T(1))14041254125
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!SUOROUIINE GARNMA 787170 oPT=0 FIN Se1¢528

140 IF (ClJJD=5.0-5)125¢125¢1041
141 F (D2CH137412501037
137 NC=DABS(DC/D2C)H
GO TO 126
12% NC=999999
* 126 NSS2¢MINO(NT 9 NAONC)
IFENS)6969142
142 IF(NS=999999)139¢646
138 ENS=AS
IF tSS1)12741270128
127 THETACJ) =THE TACUJ)
60 T0 129
128 THETACJU) STHETACJIU)I ¢ (DT +,25D000(Z4Se14D0)2D2T) ¢ENS
THETACJU) SOMAXLCTHETACJ) 9140-4)
12% 1F 1552)130+130,131
130 ALPHAC J) =ALPHA YY)
GO T0 132
131 ALPHALU) =ALPHA(JJI) *(DA¢.25D0 ¢ (ENS*1.00)eD2A) *ENS
ALPHACJ) =DMAXL CALPHACJU) ¢1.0~-4)
132 IF (553)133+133+134
133 CtI=CJIJ)
60 T0 112
134 ClUI=ClJJI e (DC*o 2500 (ENS*L1«DDD202C)*ENS
CCJI=DMAXL(C(J)90.D0)
CCUISONMINLUCCJIDOTC(L D)
IF CC1e00-EMRICCJUI=T(1))11295¢6
b THETACO) =THETA (JY)
IF (55101341397
7 §1:0.00
00 8 I=MRP oM
8 S1=2S1eTCLD)-Clu)
IF (N=NeMR)IEE9 T30 TS
73 THETACJ) SS1/7CENCALPHALII))
60 10 13
74 GMASGANCALPHALYSM)
KS=0
DO 108 K=1,450
KK=K-1
GRAI=GANRT LT (MI=CCUIIDI/THETALID) o ALPHAC IS )
SHAL2=GANI (AT IMIPI=CUIUID/THETACI) ¢ALPHACIID)
OLTCKIZ=ENeALPHACJIJI/THETACSD ¢SL/(THETACJUD 002)e(EN-ENI(T(NI-C(UJ)
100 ALPHA (YY) e DEXPCIC(III=T(MDII/THETACIDI I/ (THETACJD e e(ALPHACJIII LD
20)0(GNA-GHAL ) I*EMROALPHACJJI /THETACI) ~EMR&UTEMRPI=C(JIJI ) 2o ALPHAL L)
3)DEXPUCCCIII~TCHMAPIDI/THETACUII/CTHETACJ) ee CALPHACJIJDI ¢1 . D0)aGMAT D)
THEKI=THET ACY)
IF COLT(K)DILO01,1391202
101 KS=KS=1
IF (XS*K)10591034105
102 KS=KSel
IF(KS-K) 10591044105
103 THETALJI) o500 THIK)
60 T0 106 .
104 THETACJ) =1500¢THIK)
GO 10 108
105 IF COLTC(K)eDLT(KK))ILOT 913,106
106 KK=KK=1
60 70 105

i

ST R
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SUBROUTINE GAMMA

107
108
13
14
15

16

21
30
76
77
32
38
18
39
40
41
42

To
11

72

43
L 1)
85
L)
143
75
46
83

69
80
81

Ta/14 oPT=0 FYN S.1e%523

THETAC O S THEK ) DU TCK) o (THEKD =T HOKKD D/ COLT (KK =DLY CKD)
IF CDABSCTHETACI)=THIXK))~1.0-4213,13,109
CONT INUE

ALPHALJ) =ALPHACIL)

IF (SS2)44944,15

SL=0.D0

DO 16 [=MRPoN

SLESLeDLOGLT(I)=C(JJ))

XS=0

DO 43 K=1950

KK=K~-1

GMA=GAM{ALPHAC(U))

IF (N-MeMR)66930921 .
GRAI=GANIC(TC(MI=CLJIUII/THETACLII oALPHALID)
GMAI2=GANMIC(CTIMRP)I=CCJJ)DI/THETA(J) JALPHACUY))
DG=DGAMC ALPHAC J))

IFIN-MeNR)I 62T T 932
DLACK)=-EMeDLOGC THETACJ) I eSL=-ENeDG/GMA

G0 70 78
DGI=OGAMICLT (M)I=-C(JJD D /THETACJI)IoALPHACY))
DGI2=DGANI (CTIMRP)I=C(JJII/THETACII sALPHA (YD)
DLACK)=-EMeDLOGC(THETACU))*SL-ENoDG/GHA*(EN-EN) 2 (DG-DGI)/ (GHA=-GNA])
1oEMReDLOGUTHETACJY) JeEMReDGI2/64AI2
ALEKIZALPHACY)

IF C(DLACK))3I9¢44940

KS=KS~1

IF (KSeK)T70e41470

KS=KSe)

IF (KS=K)T70942,470

ALPHACJ) =.5006AL(K)

GO TO &3

ALPHAC ) =1 .500AL(K)

60 TO 43 '

IF (DLACK)SDLACKK) DT72944,71

KKsKK=-]

60 1O 70

ALPHACD) ALCK) *DLA(KD) e CALEK) ~ALIKK) D/ C(DLACKK)-DLACK))
IF COABSCALPHACJ)I-ALIK)IDI=1,0-4)00,04,43

CONT INUE

ClI=CCIJ)

IF €SS3)1124112445

IF €1.00-ALPHALU))T991434143

IF €SS1eSS52)57457479

IF (N=M)66eb 390G

GMASGAMIALPHALY))

KS=0

DO 56 K=195

KK=K~=1

SR=0.D0

00 69 ISMRPyM

SR=ESR®1.00/¢TCI)=CCJ))

IF (N-M*NR)66E980¢81
DLECK)I=(1.D0-ALPHACJUD ) OSR*EN/THETAL W)

60 Y0 82
GRAI=GAMICCTI(MI=CCUIDI/THETALJ) s ALPHACY))
GHAL2=GAMICCTCHRPI=CCJUII/THETALJ) sALPHALY))
DLE(K)=C1aDO~ALPHACJD I CSROECEN=ZNRDI/THETACJI*(EN-ENDIe(T(N)=C(J))ee(
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SUBROUTINE GAMMA 0774 OPYS0 FIN S.1e3923

LALPHACU) =1 D0 ) sDEXPC=(T(MI~CCJII/THETACI)I/(THETACJI) e ALPHACJ) s (G»
2A-GRAID)~ENMR O TUMRPDI=ClUID oo (ALPHACJDI =1 D0 SDEXPC=(T (MRPI=C(J) )/ TH
SETACJUIV/CTHETACID s ALPHALJ) s GYAL2)
CE(K)I=CLY)

IF (DLCI(K))ISO0,4112,91

KSSKS-1

IF (KSeK) 54952454

KS=KSel

IF (KS=K)S54953¢54

CCJ)=eSDOeCE(K)

GO T0 68

CCII=CEIXI*.SDOn(TCL)-CE(K))

60 Y0 68

IF CDLCC(KD)oDLCIKX)DIET 9112955

KK=KK~1

60 YO S

CUUI=CECKDI*DLLCIK) «(CE(KI-CE(KXD DI/ (OLC(KK)-DLC(K))
IF (DABSCCLU)~-CEC(K)I)I=1.,D-4)112,1124,56

CONT INUE

G0 YO 112

C(uI=T¢(1)

IF (MRIGE11 3958

DO 115 [=14M

IF (CUUD*LleD=4~=-TCIDI1169114,11%

NR=MRe}

CLLI=T(1)

IF (MR)66958986

S1=0.00

SL=0.D0

DO 92 I=NRPoM

SL1=S1eVT(I)=C(Y)

SLESLeDLOG(TI(I)-C(JD) ’ .
GMA=GAMCALPHACJ))

IF(N-NeNRDIE6998096
GMAI=GAMIC(T(M)I=CCJIID/THETALJUI9ALPHACLJY))
CRAIZ2=GANICCT(MRPI-CLI)I/THETALU) ¢ALPHALJI))
ELZELNM-EM*DLOGEGMA)-EMNSALPHACJI) *DLOGCTHETACJI D¢ (ALPHALJII~1 o DO D oSL
1-S1/THETACY)

IF (N-M*M1)6649100,499

ELZELCCEN-EM) «(DLOGIGMA-GMAL )-DLOGI(GMA))
LOENMReALPHACJDeDLUGETHETACJI ) *ENR*DLOGIGNAL2)
CSJ=CC(u

TSJ=THETACH)

ASJZALPHALJ)

IF (J=2)634604960

IF (DABSC(C(JI=ClJUJ))I=1D=4)51961+63

IF COABSC(THETACJU)I=THETACIJIII~=1eD-4062462463
IF CDABSCALPHACUI-ALPHACJUJ)I D -1 oD-4)004463
CONTINUE

CONT INUE

RETURN

END

1ce
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FUNCTION GAN N/74 oPT=0 FIN S.1e523

: c PN 0000sARARAAeotacaceatectatsattnteiientectstetnncesactoione

» c 00000 ANENEaasEstastetnetadtetniestatnesandidcettedontednannnass

- DOUBLE PRECISION FUNCTION GAMCY)

v . DOUBLE PRECISION Goe2eDLOGeDEXP,Y

(S =Y

< 6:0.00

IF €(2-9.000242+3

6=6-DLOG(2)

2=2+1.00

60 10 1

3 GAM=G+(2~e5D0)eDLOG(Z)=2+,5000).06(2.0003.141592653589733D0)¢1.00/
1(12eD0002)~1.00/(360eD042063)¢1,00/(1260eD0022¢5)-1.D0/(1630.00020¢

27191.00/¢118640002029)-631020/8360360,D0¢20011)¢1.00/(156400¢24¢13
3)

GAN=DEXP (GANM)
RETURN
END

[N 4

FUNCTIGN DGANM Te/74 oPT=0 FIN S.10524

DOUBLE PRECISION FUNCTION DGAYCY)
gOUBLE PRECISION DGoeZeVoDLOGsGAMN

sY

DG=0.00

IF €2-9.D0)02423
0D6=06~1.00/2

2:2+1.00 )
60 10 1
DGAN=DG*(2~.S00)/72+DLOGE(2) =1 «D0-1eD0/012.D00¢7202)¢1.00/¢120.0007¢0
1 4)=1eD00/€252,0002206)¢1.33/(200.0002¢28)-1,00/¢132.D00¢20013)
2 +691.007032760009020¢12)=1,00/7(12.D020914)

DGAM=DGAMCGAN(Y)

RETVURN

END

N o

FUNCTION DGANMI 14774 oPr=0 : FTN Se10529

DOUBLE PRECISION FUNCTION DGAMICMe2)
DOUBLE PRECISION UsVoWeZeSUsELL
DIMENSION U(50),4V¢50)
UCL)=Mee ZoDLOGCUI/Z
V(l):NeaZ/2002
SUSULI-V(1)
DO 1 L=2+50
LLst-1

st
5:tl=(~U(LLlOHIELLDG(ZOELL°l.DQ)I(ZOELL)
VELD==VILL deue (ZoELL=1 4000 002/ (CZeELLIee22ELL)
i 1 SUz=sUsUIL)I=VIL)
o DGAMI=SU
o RETURN
B END
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FUNCTION GANMI 14774 oPT=0 FIN Sele523

R DR
s P R
Vs . . e
. R

o DOUBLE PRECISION FUNCTION GAMI(W,2Z)
T DOUBLE PRECISION UsMeZoSUsELL

e DIRENSION U(50)

o Ut1)=Uee2/2

su=u(l)

DO 1 L=2¢50

LL=L-1

ELL=LL

UL =(=UCLLIZELLD) oo (2+ELL-1.003/C2+ELL)
| SU=SU+UIL)

GAMI =SU

RETURN

END
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viiili John Viviano wuas born on 1% September 1948 in
Saint Louis, missouri. lie graduated froa Saint Paul ligh
Lenool in igaland, Illinois in 1%05. ile reccived a bachie-
lot's deyree in Applied wmathematics from Youthern Illinois
Crniversity in Bcdwardsville in 1971, le attendeu Officers
“ralnli Cenool eénd was commissioned as a USalk olficer in
1977. ite worsed as @ planning analyut for tne Deputy for

vevelopnent i'lans, klectronie ESystens Livision, Hanscom Alr
i Y

torce base. e then entered the School of bnyincering, Air

torce Institute of Yechnology in June 14961,
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